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A model is presented for magnetoelectric �ME� effects in a functionally graded ferroelectric-ferromagnetic
bilayer. A linear grading of the piezoelectric coefficient and permittivity in the ferroelectric and a similar
grading of piezomagnetic coefficient in the ferromagnet are assumed. The ME coupling at low frequencies and
at mechanical resonance due to bending oscillations have been estimated and applied to the specific case of
bilayers of nickel zinc ferrite and lead zirconate titanate with the grading axis perpendicular to the sample
plane. Both free-standing bilayers and bilayer on a substrate have been considered. The thickness dependence
of piezomagnetic and piezoelectric coefficients leads to an additional flexural strain and the theory predicts an
enhancement in the strength of ME coupling compared to homogeneous compositions. The enhancement in the
case of a free-standing bilayer is on the order of 50% at low frequencies and at electromechanical resonance
�EMR�. For the case of a bilayer on a substrate, the low-frequency ME coefficient is maximum when the
substrate and the bilayer are of equal thickness. The coupling weakens with increasing substrate thickness.
With increasing substrate thickness, the ME coefficient at EMR is expected to show an initial rapid decrease,
followed by an increase and a broad maximum. The resonance frequency is predicted to show a linear increase
with increasing substrate thickness.
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I. INTRODUCTION

Materials that respond to multiple external stimuli with
changes in physical and structural properties are known as
multiferroics.1,2 A subclass of such materials in which mag-
netic ordering and ferroelectricity occur simultaneously and
allow coupling between the two are magnetoelectric
�ME�.1–4 Most of the single-phase ME materials generally do
not exhibit strong coupling at room temperature.3 A rela-
tively large ME coefficients, however, have been obtained in
composites consisting of piezoelectric and magnetostrictive
materials.4 When a magnetic field is applied to the compos-
ites, the magnetostrictive phase induces a strain which in
turn exerts stress on the piezoelectric phase, resulting in an
electric polarization. Systems studied so far include barium
titanate, lead zirconate titanate �PZT�, or lead magnesium
niobate-lead titanate �PMN-PT� for the piezoelectric phase
and ferrites, manganites, transition metals or alloys for the
magnetic phase.5–10 Studies on such systems show a giant
ME effect at low frequencies and orders of magnitude en-
hancement in the strength of coupling at electromechanical
resonance �EMR� due to radial and bending modes for the
composite.11–13

This work is on modeling of ME interactions in bilayers
of functionally graded piezoelectric and magnetostrictive
phases. Although the composites can mimic the functionality
of a single-phase multiferroic, ME properties can be limited
by interface inhomogeneities. The use of graded piezoelec-
tric and magnetostrictive phases in a composite may provide
a path for solving interface problems and enhancing the ME
interactions. Here we model the ME interactions in a graded
ferroic bilayer with linear variation in the piezoelectric and
piezomagnetic coefficients.

Functionally graded ferroics are analogs of composition-
ally graded semiconductor structures that yielded electronic
components such as junction diodes and transistors. Re-

search into nonhomogeneous ferroics conversely, has prima-
rily been confined to the study of bilayer and multilayer
structures and has only recently been expanded to include
polarization-graded ferroelectrics and magnetization-graded
ferrites.14–20 Thus, investigations of compositionally graded
ferroics offer opportunities for discovering novel phenomena
and devices. Graded ferroelectrics have been studied recently
in some detail.14–18,21,22 Compositional grading of ferroelec-
trics leads to important effects including grading of polariza-
tion resulting in a built-in potential and a vertically displaced
hysteresis loop; enhanced electric-field tunability of dielec-
tric permittivity; and a spontaneous strain and a strong dy-
namic electric-field response.14,17,23 Previous modeling ef-
forts on graded piezoelectrics include effects of an external
bending or twisting stress, elastic waves, and thermally in-
duced fracture and electromagnetoelastic behaviors.24–30 The
response of a graded piezoelectric-piezomagnetic material
subjected to an external force was modeled by Sun et al.31

Studies on graded ferromagnets have been limited to
magnetization-graded nickel zinc ferrite and hexagonal
barium ferrites. Evidence for a built-in magnetization in
Ni-Zn ferrite was obtained through ferromagnetic resonance
and in barium hexaferrite through ac and dc susceptibility
measurements.19,20 Theoretical analysis of the systems in
terms of its spatially dependent order parameter, i.e., the
magnetization, yielded a value for the internal magnetic field
consistent with experimental observations.

Here we model the ME interactions in a bilayer of ferro-
electric phase with a linearly graded piezoelectric coefficient
and permittivity and a ferromagnetic phase with linear grad-
ing of piezomagnetic coefficient. Studies indicate the feasi-
bility of such grading of piezoelectric coefficient in PZT,
PMN-PT, and bismuth strontium titanate �BST�.17,18,21,22,32

Similarly, linear grading of magnetization and piezomagnetic
coefficient can be achieved in Ni-Zn or Ni-Co ferrites.19,20

The present model focuses on a bilayer of graded nickel zinc
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ferrite �NZFO� and PZT with the grading axis perpendicular
to its plane. Both free-standing bilayers and bilayers on a
substrate have been considered. The principal aim is to esti-
mate the ME coefficient at low frequencies and when the
electrical subsystem shows mechanical resonance, at electro-
mechanical resonance corresponding to acoustic modes. The
ME voltage coefficients �E have been estimated for field
orientations that correspond to minimum demagnetizing
fields and maximum �E. The effect of substrate clamping has
been described in terms of dependence of �E on substrate
volume. The thickness dependence of piezomagnetic and pi-
ezoelectric coefficients leads to an additional flexural strain
and the theory predicts an enhancement in the strength of
low-frequency ME coupling compared to homogeneous
compositions. A similar increase in the ME coefficient is
expected at radial and bending modes in the sample. The
theory and application to NZFO-PZT bilayers are provided
in Secs. II A–II D.

II. THEORY

We consider a bilayer of nickel zinc ferrite,Ni1−xZnxFe2O4
�NZFO�, and Pb1−xZrxTiO3 �PZT� as in Fig. 1. Although fer-
rites of homogeneous compositions are not piezomagnetic,
one can achieve a pseudopiezomagnetic effect �q=d� /dH,
where � is the magnetostriction� by subjecting the sample to
a bias magnetic field H0 and ac field H1. Studies show that
when Zn is substituted in nickel ferrite, the room temperature
q varies linearly with increasing Zn concentration x for
x�0.4.33 Thus it is possible to achieve a linear grading in q
with a compositionally graded NZFO. Similar grading of the
piezoelectric coefficient d �and the dielectric constant �� is
possible by compositional grading of PZT.34

The analysis described here is based on the following
equations for the strain, electric displacement and magnetic
induction of piezoelectric, and magnetostrictive phases and
the substrate:

pSi = psij
pTj + pdki

pEk;

pDk = pDki
pTi + p�kn

pEn;

mSi = msij
mTj + mqki

mHk;

mBk = mqki
mTi + m�kn

mHn;

sSi = ssij
sTj; �1�

where Si and Tj are strain and stress tensor components, Ek
and Dk are the vector components of electric field and elec-
tric displacement, Hk and Bk are the vector components of
magnetic field and magnetic induction, sij, qki, and dki are
compliance, piezomagnetic, and piezoelectric coefficients,
�kn is the permittivity matrix and �kn is the permeability
matrix. The superscripts p, m, and s correspond to piezoelec-
tric and piezomagnetic phases and substrate, respectively.
Using the magnetostrictively graded ferrite and electrostric-
tively graded ferroelectric implies z dependence of piezo-
magnetic and piezoelectric coefficients qki and dki. We as-
sume the symmetry of piezoelectric to be �m and the
piezomagnetic to be cubic.

A. Low-frequency magnetoelectric effect

For finding the low-frequency ME voltage coefficient, we
solve magnetostatic and elastostatic equations in NZFO, and
elastostatic and electrostatic equations in PZT, taking into
account boundary conditions. The longitudinal axial strains
of each layer can be considered as linear functions of the
vertical coordinate zi to take into account the bending defor-
mations of bilayer:35

mS1 = mS10 + zm/R1;

pS1 = pS10 + zp/R1;

sS1 = sS10 + zs/R1;

mS2 = mS20 + zm/R2;

pS2 = pS20 + zp/R2;

sS2 = sS20 + zs/R2; �2�

where iS10 and iS20 are the centroidal strains along the x and
y axes at zi=0, R1 and R2 are the radii of curvature, and zi is
measured relative to center plane of i layer. It can be shown
that the strains obey the following conditions:

mS10 − pS10 = hm/R1,

pS10 − sS10 = hp/R1,

mS20 − pS20 = hm/R2,

pS20 − sS20 = hp/R2. �3�

We limit the analysis to field orientation in Fig. 1 in which
the bias magnetic field H0 and ac magnetic field H1 are par-

E3

H0, H1

x

z

SrTiO3

PZT

NZFO

FIG. 1. A graded nickel zinc ferrite-lead zirconate titanate bi-
layer on SrTiO3 substrate. The ferrite is assumed to have a grading
of composition, leading to a linear variation in the piezomagnetic
coefficient along its thickness. Similarly, the PZT layer is assumed
to have linear variation in piezoelectric coefficient and dielectric
constant along the z axis. The bias magnetic field H0 and the ac
magnetic field H1 are parallel to x axis. The piezoelectric layer is
poled along z and the ac electric field E3 is measured across the
bilayer.
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allel to each other and the samples plane. The PZT is polar-
ized along z and the ac electric field is measured perpendicu-
lar to the sample plane. The assumed field orientation
provides minimum demagnetizing fields and maximum ME
coefficient.20 In this case, Eq. �2� can then be rewritten using
Eqs. �3� and �1� as

mS10 + zm/R1 = ms11
mT1 + ms12

mT2 + mq11
mH1

mS10 + �zp − hm�/R1 = ps11
pT1 + ps12

pT2 + pd31
pE3;

mS10 + �zp − hm − hp�/R1 = ss11
sT1 + ss12

sT2

mS20 + zm/R2 = ms12
mT1 + ms11

mT2 + mq12
mH1

mS20 + �zp − hm�/R2 = ps12
pT1 + ps11

pT2 + pd31
pE3;

mS20 + �zp − hm − hp�/R2 = ss12
sT1 + ss11

sT2. �4�

The axial forces in the three layers must add up to zero to
preserve force equilibrium,

mF1 + pF1 + sF1 = 0,
mF2 + pF2 + sF2 = 0,

, �5�

where Fi1=�
−it/2

it/2 iT1dz1, Fi2=�
−it/2

it/2 iT2dz1, mt, pt, and st are the

thicknesses of piezomagnetic, piezoelectric, and substrate
layers. Further, Eq. �4� should be solved for iTj and substi-
tuted into Eq. �5�. Using Eq. �5� and taking into account Eqs.
�2� and �3� enables finding mS10 and mS20

mS10 =
s1

t �mY�
−mt/2

mt/2
mmq11

mH1dz1

+ pY��
−pt/2

pt/2
pd31

pE3dz2 +
pthm

R1
� + stsY

hm + hp

R1
� ,

mS20 =
s1

t �mY�
−mt/2

mt/2
mq12

mH1dz11

+ pY��
−pt/2

pt/2
pd31

pE3dz2 +
pthm

R2
� + stsY

hm + hp

R2
� ,

�6�

where s1= t�mtmY + ptpY + stsY�−1, t= mt+ pt, mY, pY, and sY are
the modules of elasticity of piezomagnetic, piezoelectric
components and substrate, correspondingly. To conserve mo-
ment, the rotating moments of axial forces in the three layers
are counteracted by resultant bending moments Mmj, Mpj,
and Msj, induced in piezomagnetic, piezoelectric, and sub-
strate layers. That is,

Fm1hm + Fp1�hm + hp� = Mm1 + Mp1 + Ms1,

Fm2hm + Fp2�hm + hp� = Mm2 + Mp2 + Ms2, �7�

where Mi1=�
−it/2

it/2
zi

iT1dzi and Mi2=�
−it/2

it/2
zi

iT2dzi.

Taking into account Eqs. �3�, �4�, and �6�, the equilibrium
condition 	Eq. �7�
 can be solved for R1 and R2. The expres-

sions for R1 and R2 are not given here because of their in-
convenience. The values of these radii of curvature can then
be substituted into Eq. �6� to obtain the centroidal strains.
Once the centroidal strains are determined, the axial stress
iT1 can be found from Eq. �4�. To obtain the expression for
ME voltage coefficient, we use the open-circuit condition on
the boundary

D3 = 0. �8�

Since electric induction is divergence free and has only one
component D3, it is evident that D3 is equal to zero for any z.
In this case Eqs. �1� and �8� result in the expression for ME
voltage coefficient

�E31 =
E3

H1
= − �

−pt/2

pt/2 pd31�
pT1 + pT2�

tH1
p�33

dz; �9�

where E3 and H1 are the average electric field induced across
the piezoelectric layer and applied ac magnetic field, pT1 and
pT2 are determined by Eqs. �4� and �6�.

B. Application to graded NZFO-PZT

As an example, numerical estimations of ME voltage co-
efficient are considered for a bilayer of NZFO-PZT. First we
consider grading only in Ni1-xZnxFe2O4 �NZFO� in which
the piezomagnetic coefficient linearly varies with z:33

mq11 = mq110�1 + 2kz1/mt�, − mt/2 � z1 � mt/2

mq12 = mq120�1 + 2kz1/mt� , �10�

where mq0 is the average value of this parameter, and factor
k specifies the grading strength and direction: k	0 and
k�0 correspond to “positive” and “negative” magnetostric-
tion grading, respectively. According to data on magneto-
striction vs H of NZFO,21 mq11 varies from −680 pm /A for
pure nickel ferrite to −1156 pm /A for NZFO with x=0.4,
with an average of −918 pm /V and a similar variation for
mq12. In Eq. �10� we assume mq110=−918 pm /A and
mq120=169 pm /A and �k�=0.26. In the calculations to fol-
low, we use Eq. �10� for piezomagnetic coefficients of
graded ferrites, and mq11�z1=0�=mq110=−918 pm /A for the
homogeneous ferrite.

Similarly, the composition of PZT can be tailored to ob-
tain linear grading of the piezoelectric coefficient and
permittivity:34

pd31 = pd310�1 + 2kz2/pt�, − pt/2 � z2 � pt/2

p�33 = p�330�1 + 2kz2/pt� , �11�

with pd310=−175 pm /V, p�330 /�0=1750, and �k�=0.35.
Next we apply the theory to estimate the ME coefficients

for �a� graded NZFO and homogeneous PZT, �b� homoge-
neous NZFO and graded PZT, and �c� grading of both NZFO
and PZT. The material parameters used are listed in Table I.
The ME coefficient vs PZT volume fraction V is shown in
Fig. 2 for the case of homogeneous PZT and homogeneous,
positively or negatively graded NZFO. Results of �E,31 vs V
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reveals a double maximum for all cases and is due to fact
that the strain produced by the ferrite consists of two com-
ponents: longitudinal and flexural. In the absence of a flex-
ural strain the maximum ME coefficient occurs for V=0.6.5

Since the flexural strain is of opposite sign relative to longi-
tudinal strain and reaches its maximum value for V=0.6, the
two types of strains combine to produce suppression of �E,31
at V=0.6 and a double maximum in the ME coefficient as in
Fig. 2. Negative grading of NZFO leads to a maximum in
�E,31 for low V whereas positive grading gives rise to a
maximum for high V. The ME coefficient shows a 50% in-
crease in �E,31 for negative grading of the piezomagnetic
coefficient compared to the homogeneous case. Such depen-
dence arises due to a decrease in the rotational moment of
the ferrite layer for negative grading of q and an increase in
the radius of curvature and longitudinal strain of PZT. It
should be noted that the ME voltage according to Eq. �9� is
determined by average longitudinal strains of the PZT layer.

The PZT volume fraction dependence of �E,31 is shown in
Fig. 3 for the case of homogeneous NZFO and homogeneous
or graded PZT. Simultaneous variations in pd31 and p�33
leads to a constant value for the ratio pd31 / p�33 and the grad-
ing therefore cannot influence the ME voltage coefficient as
defined by Eq. �9�. But grading of the piezoelectric coeffi-
cient results in an additional variation in the volume average
of the stress pT1+ pT2. Thus z dependence of pd31 induces an
additional flexural moment which gives rise to an increase in

ME coefficient for positive grading and a decrease for nega-
tive grading, as seen in Fig. 3.

Figure 4 shows the anticipated effects of grading of both
PZT and ferrite. Simultaneous grading leads to the highest
ME voltage coefficient when the ferrite is negatively graded
and PZT is positively graded.

Next we consider ME effects in bilayers on a substrate.
Estimates are shown in Fig. 5 for homogeneous and graded
bilayers with a thickness equal to the substrate thickness. It is
seen that grading of NZFO and PZT leads to a general en-
hancement in the strength of ME coupling compared to the
homogeneous composition. This could be attributed to the
fact that the substrate yields a stress of the same sign as the
axial stress of PZT. In a free-standing bilayer, however, half
the PZT layer is under compression and the remaining under
tension.

Figure 6 shows the variation in the ME coefficient as a
function of the substrate thickness for a specific PZT volume
fraction of 0.7. An increase in st leads to a decrease in �E,31
due to clamping effects. The ME voltage coefficient for
negatively graded NZFO and positively graded PZT exceeds
that of the homogeneous case by 20%. This is explained by
increase in the average stress of PZT due to additional rotat-
ing moments which enters Eq. �9� for the ME voltage coef-
ficient.

C. Magnetoelectric effects at electromechanical resonance

In NZFO-PZT layered composites, a resonant enhance-
ment of the ME coupling is expected when the ac magnetic

TABLE I. Material parameters �compliance coefficient s, piezomagnetic coefficient q, permittivity � and
density 
� for NZFO, PZT and SrTiO3 used for theoretical estimates �Refs. 33 and 34�.

Material
s11

�10−12 m2 /N�
Average q11

�10−12 m /A�
Average d31

�10−12 m /V�
Average d33

�10−12 m /V� Average �33 /�0



�g /cm3�

PZT 15.3 125 −400 1750 7.75

NZFO 6.5 −918 5.37

SrTiO3 3.3 5.13
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FIG. 2. �Color online� Low-frequency ME voltage coefficient as
a function of PZT volume fraction for a free-standing PZT-NZFO
bilayer. The results are for homogeneous PZT and homogeneous,
positively, or negatively graded NZFO.
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FIG. 3. �Color online� Similar results as in Fig. 2 but for bilay-
ers of homogeneous NZFO and homogeneous, positively, or nega-
tively graded PZT.
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field is applied at the same frequency as the longitudinal,
thickness, or bending modes of the structure. For nominal
sample dimensions longitudinal or thickness acoustic modes
occur at several hundred kilohertz whereas bending oscilla-
tions occur at a few kilohertz.4,7 Studies reveal a much
higher enhancement in the strength of ME coupling for bend-
ing than for other modes. Here we focus only on modeling
resonance ME effects due to bending oscillations in bilayers.
A similar treatment could be extended to cover other modes.

Magnetoelectric coupling is considered at bending modes
in a graded NZFO-PZT bilayer on a substrate as in Fig. 1.
The thickness of the sample is assumed to be small com-

pared to other dimensions. Moreover, the bilayer width is
assumed to be small compared to its length. The fields and
the polarization are the same as in Fig. 1. In that case, we can
consider only one component of strain and stress tensors in
the resonance region. The equation of bending motion of the
composite has the form36

�2�2w +

t

D

�2w

�t2 = 0, �12�

where �2�2 is biharmonic operator, w is the deflection �dis-
placement in z direction�, and t and 
 are thickness and av-
erage density of sample, respectively. For a bilayer on a sub-
strate, t= pt+ mt+ st, 
= �p
pt+ m
mt+ s
st� / t, where p
, m
,
and s
 are densities of piezoelectric and piezomagnetic lay-
ers and substrate, respectively, and D is cylindrical stiffness.

Equation �12� relates to the middle plane, each point of
which moves only in z direction. The position of middle
plane is generally defined by equating the total force acting
on the sample cross section in x direction to zero. This force
is determined by stresses in bilayer components and sub-
strate, which can be expressed in terms of strains from Eq.
�1�. Due to the fact that magnetic induction is divergence

free,
�mB1

�x equals zero for transverse fields’ orientation. For
simplifying computations, the constitutive equations in Eq.
�1� for magnetostrictive phase should be replaced in this case
by

mSi = msij
B mTj + mgki

mBk;

mHk = − mgki
mTi + m�ki

mBn; �13�

where msij
B is compliance at constant magnetic induction and

m�ki is reversible permeability at constant stress. The dis-
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FIG. 4. �Color online� PZT volume fraction dependence of low-
frequency ME voltage coefficient for bilayers of homogeneous
NZFO-PZT �1�, positively grading of NZFO and negatively graded
PZT �2�, and negative grading of NZFO and positive grading of
PZT �3�.
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FIG. 5. �Color online� PZT volume fraction dependence of low-
frequency ME voltage coefficient for a bilayer of NZFO and PZT
on a SrTiO3 substrate of equal thickness. Results are for homoge-
neous NZFO-PZT �1�, positively graded NZFO and negatively
graded PZT �2�, negative grading of NZFO and positive grading of
PZT �3�.
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FIG. 6. �Color online� Substrate-to-bilayer thickness ratio de-
pendence of ME voltage coefficient for a bilayer on a substrate. The
estimates are for a PZT volume fraction of 0.7. Results are for
homogeneous NZFO-PZT �1�, positively graded NZFO and nega-
tive grading of PZT �2�, and negative grading of NZFO and posi-
tively graded PZT �3�.
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tance of middle plane from NFO-PZT interface z0 can be
defined as follows:

z0 =
1

2

pY pt2 − mYmt2 + sYst2 + 2sY ptst
pY pt + mYmt + sYst

. �14�

Strains of both layers and substrate are related with the de-
flection of structure

pS1 = − z
�2w

�x2 , z0 − pt � z � z0,

mS1 = − z
�2w

�x2 , z0 � z � z0 + mt ,

sS1 = − z
�2w

�x2 , z0 − pt − st � z � z0 − pt . �15�

Cylindrical stiffness D of bilayer on a substrate can be cal-
culated using the following expression:35

�M1

�x
= − D

�3w

�x3 . �16�

The moment of rotation M1 is defined as

M1 = �
A

zT1dz1 �17�

and A is the cross-sectional area of the sample normal to the
x axis.

The general solution of Eq. �12� can be written for har-
monic vibrations as

w�x� = C1 sinh�kx� + C2 cosh�kx� + C3 sin�kx� + C4 cos�kx� ,

�18�

where wave number k is defined by

k4 =
�2
t

D
, �19�

and � is the frequency. The arbitrary constants C1, C2, C3,
and C4 have to be found from boundary conditions at x=0
and x=L. Here L is length of the sample. As an example, we
consider the plate with one end fixed and one end free. At
fixed end, the deflection and derivative of deflection �w /�x
equal zero and at free end, the turning moment M1 and trans-
verse force V1 equal zero

w = 0 and � w/�x = 0 at x = 0,

M1 = 0 and V1 = 0 at x = L , �20�

where V1=
�M1

�x .
Substituting Eqs. �17� and �18� into Eq. �20� leads to a set

of four equations. Solving this system for C1, C2, C3, and C4
enables obtaining the deflection from Eq. �18�, strains from
Eq. �15�, and stresses from Eqs. �1� and �13�. Once the
stresses are determined, ME voltage coefficient can be then

found using the open-circuit condition �z0−pt
z0 pD3dx=0. Using

this condition and from Eq. �1�, the ME voltage coefficient
can be found as

�E31 =
E3

H1
= − �

z0−pt

z0 pd31
pT

�pt + mt�H1
p�33

dz , �21�

where E3 and H1 are the average electric field induced across
the sample and applied magnetic field. The energy losses are
taken into account by substituting � for complex frequency
�+ i�� with �� /�=10−3.

D. ME coupling at EMR in NZFO-PZT

Now we apply the model developed in Sec. II C to the
case of NZFO-PZT. Figure 7 shows the frequency depen-
dence of ME voltage coefficient for a free-standing bilayer of
graded NZFO and homogeneous PZT with length 12 mm
and thickness 2 mm and for PZT volume fraction V=0.3.
The resonance in bending oscillations occurs at 5 kHz. The
profile of �E,31 reveals a 2 order of magnitude increase in the
maximum ME voltage coefficient compared to low-
frequency coupling �Fig. 2�. A small shift in the resonance
frequency due to grading is predicted. In comparison to the
homogeneous composition, a 50% increase in �E,31 for posi-
tive grading of the piezomagnetic coefficient and a 50% de-
crease for negative grading are expected. Such dependence
can be attributed to an increase in the rotating moment of the
ferrite layer for positive grading and a corresponding in-
crease in the longitudinal strain of PZT, resulting in an in-
crease in the ME voltage.

A similar �E,31 vs f for bilayers of homogeneous NZFO
and graded PZT is shown in Fig. 8. It is seen that grading of
PZT essentially leads to a shift of the resonance frequency,
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FIG. 7. �Color online� Frequency dependence of the ME voltage
coefficient for a free-standing PZT-NZFO bilayer. The results are
for homogeneous PZT and homogeneous, positively, or negatively
graded NZFO. The PZT volume fraction is 0.3. The peak in ME
coefficient occurs at resonance frequency for bending oscillations in
the bilayer.
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but no changes in the magnitude of �E,31. The constant mag-
nitude for �E,31 is expected from Eq. �21�. The ratio d31 /�33
and the ME voltage remain constant since both piezoelectric
coupling and dielectric constant have the same grading re-
lated variation. Based on the results in Figs. 8 and 9, one
expects maximum ME voltage coefficient for positive grad-
ing of both components.

Figure 9 shows the estimated resonance value of ME co-
efficient for homogeneous and graded bilayers. The results
are shown as a function of PZT volume V. The maximum in
the voltage occurs for a volume fraction of around 0.6, with
the positive grading resulting in the highest voltage for all V
values. The ME voltage coefficient vanishes at V�0.05 for a

bilayer of homogeneous components and is related to near
zero average axial stress in PZT due to lateral and flexural
deformations.

Finally, we consider the resonance ME effects in a bilayer
on a substrate. The estimated variation in the resonance fre-
quency and ME voltage at resonance due to bending modes
are shown in Fig. 10. The results are for either positive or
negative grading of both PZT and NZFO. Estimates on the
resonance frequency show a linear increase with increasing
substrate thickness. The ME voltage initially shows a rapid
decrease with increasing substrate thickness until it reaches a
minimum at st / �pt+ mt��0.3. The minimum corresponds to
sign reversal in the average axial stress of the PZT layer. The
voltage coefficient then increases to show a broad maximum
centered at a thickness ratio of 1.8. The influence of grading
slowly decreases with increasing substrate thickness.

III. CONCLUSION

The ME interactions in a functionally graded
ferroelectric-ferromagnetic bilayer is discussed. A linear
variation in piezoelectric coefficient and permittivity is as-
sumed in the ferroelectric and a linear grading of piezomag-
netic coefficient for the ferromagnet. The model is applied to
a representative case of nickel zinc ferrite and PZT. A free-
standing bilayer and a substrate mounted structure are con-
sidered. The strength of ME coupling has been estimated for
low frequencies and for bending oscillations. The ME volt-
age coefficients �E have been estimated for magnetic-field
orientations that correspond to minimum demagnetizing
fields and maximum �E. The effect of substrate clamping has
been described in terms of dependence of �E on substrate
volume.

The grading related thickness dependence of piezomag-
netic and/or piezoelectric coefficients leads to an additional
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FIG. 8. �Color online� Frequency dependence as in Fig. 7 for
free-standing bilayers of homogeneous NZFO and homogeneous,
positively, or negatively graded PZT. The PZT volume fraction is
0.3.
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FIG. 9. �Color online� PZT volume fraction dependence of peak
ME voltage coefficient at resonance for bending modes. The results
are for free-standing bilayer of homogeneous components �1�, nega-
tive grading of both PZT and NZFO �2�, and positive grading of
both PZT and NZFO �3�.
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FIG. 10. �Color online� Substrate to bilayer thicknesses ratio
dependence of peak-ME voltage coefficient at EMR for bilayer with
positive grading of both PZT and NZFO �1�, and negatively grading
of both PZT and NZFO �2� for PZT volume fraction 0.5. The inset
shows thickness ratio dependence of resonance frequency for bend-
ing modes for positive grading of both PZT and NZFO.
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flexural strain and the theory predicts an enhancement in the
strength of low-frequency ME coupling compared to homo-
geneous compositions. A similar increase in the ME coeffi-
cient has been predicted for mechanical resonance in bending
modes in the sample. In graded bilayers the ME voltage co-
efficient is expected to increase by 50% at low frequencies
and at mechanical resonance. For a graded bilayer on a sub-
strate, the low-frequency ME voltage coefficient is higher by
20% in comparison to the homogeneous bilayer. The maxi-
mum ME coupling occurs for equal thickness of bilayer and
substrate. At EMR, the ME voltage shows a sharp drop with
increasing substrate thickness and then increase to show a
broad maximum.

The theory presented here is likely to interest experimen-
talists in pursuing investigations on graded bilayers of PZT,
lead magnesium niobate-lead titanate, or barium strontium
titanate for the ferroelectric phase and nickel zinc ferrite,
nickel cobalt ferrite, or transition metals or alloys for the
ferromagnetic phase.
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